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This textbook contains tasks on Numerical Methods sorted according to the topics of the
course. theoretical information that is necessary for solving the tasks/ examples of the solutions�

This textbook is created for students on Applied Mathematics� It can also be useful for

students on Mathematics/ Physics/ Engineering and Economy�
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$'/ $�Fi� %$�<"$. 53$�#i/ f� R fJx�K0 f� R fJx�K0 � � � 0 fN R fJxNK� �*:$� 4��� %$�1
<"$. Jxn� fnK $�%'��O&.-, ������� �6, %�3<$*-&i �*:$'/ �,+*� $3;"�3G&. 4*&*<$';
i$+"�-*;0 ,� 4���'6*0 #i6';� ��' &��*;3 -4*-*Fi %*F��:"$$, +�$'2 �i+%$�<�G&.0 M*
53$�#i, O 
���� 	� ����	�$�

�� +�39*;3 "&�4i �*F*&' % <'-6*�';' +�$';' ;*:6'�i &�' ���i�$&' *F�*F�' (
i$&"�4*6,#i,0 �4�*�-';�#i, &� "�-&��4*6,#i, J�'-� ���K�

I	

������i� A <'-"6.$� 4�*#"+3��0 4�' �'�*$�$$i ,�*/ 9��5i� 53$�#i�H0 M*
�'%$�<�O&.-,0 4�*�*+'&.-, F"%4*-"�"+$.* <"�"% -3�34$i-&. %�+�$'2 �3%6i�� ��' #.1
*;3 � �*:$*;3 �3%6i %� $*;"�*; n %$�<"$$, ��93;"$&3 i 4*6i$*;� &*<$* +*�i�$GG&.
%�+�$'; xn i fn� I$&"�4*6,#i, %�-&*-*�3O&.-, +6, %$�2*+:"$$, %$�<"$$, 53$�#i�H �
&*<��20 �i+;i$$'2 �i+ �3%6i�� �*F3+*�� &��*�H 53$�#i�H $�%'��O&.-, i	

����$��		���
��/4*>'�"$i>*G O �69"F���H<$� i$&"�4*6,#i,0 �*6' %� i$&"�4*6GG<3 53$�#iG �'�*1
�'-&*�3O&.-, F�9�&*<6"$ �i+4*�i+$*9* -&"4"$,�

"���������i� A $�F6':"$$, &�F6'<$'2 +�$'2 53$�#i/$*G %�6":$i-&G �i+4*�i+1
$* �'F��$*;3 ��'&"�iG F6'%.�*-&i� 	4�*�-';�#i, %�-&*-*�3O&.-, +6, *F�*F�' %F3�"1
$'2 &�F6'<$'2 +�$'2 �F* +�$'2 *+$*9* 4*2*+:"$$, �"6'�*9* *FLO;3� 8� �4�*�-';3G<i
53$�#�H $�;�9�G&.-, 4i+iF��&' &��i %�6":$*-&i0 ,�i �+"���&$* �i+4*�i+�G&. 4�'�*+i
$�,�$'2 +�$'2�

%��
�������i� A 4�*+*�:"$$, %$�<"$. �'F��$*�H i$&"�4*6,#i/$*�H <' �4�*�-'1
;�#i/$*�H 53$�#i�H %*�$i &�F6'<$* %�+�$*9* i$&"���63� ��-&��4*6,#i, %�-&*-*�3O&.-,
� &'2 �'4�+��20 �*6' -&��'&.-, %�+�<� *&�';�$$, 4�*9$*%3 $�4"�"+ <' �i+&�*�"$$,
Fi6.> ��$$i2 %�6":$*-&"/�

� �"%36.&�&i ���%�$'2 4�*#"+3� *F�*F�' %� <'-6*�';' +�$';' �i+&�*�GG&.-,
��	��i�	���	i ���
&	��
i0 M* +*%�*6,G&. %�4�*4*$3��&' 4"�$i 4���&'<$i �'-$*��'�

 4�*#"-i �*F*&' &�F6'#, +�$'2 +*4*�$GO&.-, i &'; -�;'; �*%>'�GO&.-,� 8�6":1
$*-&i0 *&�';�$i $� *-$*�i 4*4"�"+$i2 +�$'20 $�%'��G&.-, ���i��	���� Q3$�#i*$�6.$i
%�6":$*-&i0 *&�';�$i �$�-6i+*� ���23��$$, +*+�&�*�'2 �i+*;*-&"/0 $�%'��G&.-, ���'
�
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���� ��� 7 I���������i��i ���i���
 y : P�;x</ P�;x</ P�;x< �� P�;x<9 ��+�
 8 ;�/�<9

;�/�<9 ;=/�<9 ;>/�<9 ;?/�<

���� I���	�����i��
� ���i��
 ���	����

�"2�/ %�+�$* &�F6'#G0 ,�� 3&�*�"$� JN T �K %�4*�$"$';' �3%6�;' Jxn� fnK0
n R �� �� �� � � � � N 0 J%�3<$* $3;"�3��&'0 4*<'$�G<' % n R �KU 4�' #.*;3 x� R a
i xN R b0 +" a0 b A 9��$'#i i$&"���63 %;i$' �"6'<'$' x�

	69"F���H<$" i$&"�4*6G��$$, 53$�#i�H fJxK0 M* %�+�$� -�*�H;' %$�<"$$,;' fJx�K0
fJx�K0 � � � 0 fJxN K � &*<��2 x�0 x�0 � � � 0 xN $� �i+�i%�3 Va� bW0 4*6,9�O � $�F6':"$i/
%�;i$i #iO�H 53$�#i�H $� +�$*;3 �i+�i%�3 F�9�&*<6"$*; PNJxK -&"4"$, N J�'-� ���K�


"/ F�9�&*<6"$ J4*6i$*;K 3 �3%6�2 i$&"�4*6,#i�H 4�'/;�O &i : %$�<"$$,0 M* /
53$�#i, fJxK

PNJxnK R fJxnK� n R �� �� �� � � � � N�

I-$3O O+'$'/ i$&"�4*6,#i/$'/ F�9�&*<6"$ N 19* -&"4"$G0 M* %�+*�*6.$,O +�$';
3;*��;�

�*%�L,%3��$$, %�+�<i �69"F���H<$*�H i$&"�4*6,#i�H %�F"%4"<3O i	

������i�	��
��!�
� �
	 (�!��	&� (

PNJxK R fJx�K T
Jx� x�KJx� x�K � � � Jx� xNK

Jx� � x�KJx� � x�K � � � Jx� � xN K
T

T fJx�K
Jx� x�KJx� x�K � � � Jx� xNK

Jx� � x�KJx� � x�K � � � Jx� � xNK
T

� � � � � � � � � � � � � � � � � � � � � �

T fJxNK
Jx� x�KJx� x�K � � � Jx� xN��K

JxN � x�KJxN � x�K � � � JxN � xN��K
�

J���K

� &*<��2 �i+�i%�3 Va� bW0 ,�i �i+;i$$i �i+ i$&"�4*6,#i/$'2 �3%6i�0 �i%$'#,
RJxK R fJxK�PN JxK 3 %�9�6.$*;3 �'4�+�3 �i+;i$$� �i+ $36,� 
G �i%$'#G �i+*F��:�O
��)���� �

���0 ,�3 $�%'��G&. %�6'>�*�'; <6"$*; i$&"�4*6,#i�H�

!
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��i� �����������$% ���
#����i y R aT bx T cx�

���+��&'<$� �"9�"-i/$� %�6":$i-&. 4*6,9�O 3 �'%$�<"$$i %$�<"$. 4���;"&�i� a0
b &� c ";4i�'<$*�H ���+��&'<$*�H %�6":$*-&i yJxK R aT bxT cx�0 M* *4'-3O %�L,%*� ;i:
%$�<"$$,;' fJxn� ynKg 53$�#ii yJxK� 
, %�6":$i-&. F3+" 4*F3+*��$�0 ,�M* $� 4i+-&��i
"�-4"�';"$&�6.$'2 +�$'2 *&�';�$i %$�<"$$, 4���;"&�i� a0 b &� c�

�"2�/ ��'&"�i/ $"�L,%�' A -3;� 3-i2 ���+��&'<$'2 �i+2'6"$.
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+*-,9�O ;i$i;3;3 JS � minKU %$�/+";* &i %$�<"$$, 4���;"&�i� a0 b &� c0 ,�i
%�F"%4"<3G&. �'�*$�$$, #iO�H 3;*�'�
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Z�M* �-i ��93;"$&' fxg O �i%$';'0 &* -'-&";� J��C�K ;�O �i+;i$$'/ �i+ $36,
�'%$�<$'�� �*%�L,%3G<' $*�;�6.$3 -'-&";3 J��C�K0 %$�2*+';* �'��%' +6, 4���;"&�i�
a0 b &� c ���+��&'<$*�H %�6":$*-&i�
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%�6":$i-&. %9i+$* ��'&"�iG $�/;"$>'2 ���+��&i��
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 %�9�6.$*;3 �'4�+�3 *&�';�$i "�-4"�';"$&�6.$i +�$i ;*:$� $�F6':3��&' $"
&i6.�' %� +*4*;*9*G 6i$i/$*�H <' ���+��&'<$*�H �4�*�-';�#i�H�

2��i	��i���	� �
!�
�i� J�4�*�-';�#i,K %�F"%4"<3O %$�2*+:"$$, �*"5i#iO$&i�
4*6i$*;3

yJxK R a� T a�x T a�x
� T � � �T aMx

M � J��C�K

+" M A -&"4i$. �'F��$*9* 4*6i$*;3�
�"2�/ N A �i6.�i-&. �3%6i� fJxn� ynKg� I% �*%�L,%�3 -'-&";' �i�$,$.

������������
�����������

c�a� T c�a� T c�a� T � � �T cMaM R d��

c�a� T c�a� T c�a� T � � �T cM��aM R d��

� � � � � � � � � � � � � � � � � � � � �

cMa� T cM��a� T cM��a� T � � �T c�MaM R dM �

J��CCK
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cj R
NX
n��

xjn� j R �� �� �� � � � �M U

dk R
NX
n��

xknyn� k R �� �� �� � � � �M�

J��CDK

;*:$� %$�/&' �*"5i#iO$&' fag 4*6i$*;��
�*6i$*; J��C�K -&"4"$i M � N %�F"%4"<3O �4�*�-';�#iG J&� i$&"�4*6,#iGK

&�F6'<$* %�+�$*�H 53$�#i�H % ;i$i;�6.$*G -"�"+$.*���+��&'<$*G 4*2'F�*G�
Z�M* -&"4i$. 4*6i$*;� %Fi9�O&.-, % �i6.�i-&G �3%6i�0 &*F&* M R N 0 &* ;�O

;i-#" %�'<�/$� 4*6i$*;i�6.$� i$&"�4*6,#i,U 4�' #.*;3 %$�<"$$, yJxK 4�' x R xn
&*<$* %Fi9�G&.-, i% %�+�$';' yn� ��' M 
 N &��*9* %Fi93 � %�9�6.$*;3 �'4�+�3
$";�O� �&:"0 �4�*�-';�#i, "�-4"�';"$&�6.$'2 +�$'2 ;"&*+*; $�/;"$>'2 ���+��&i�
;�O Fi6.> 3$i�"�-�6.$'/ 2����&"� 4*�i�$,$* %i %�'<�/$*G i$&"�4*6,#iOG�
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�4"��#i, 4*+�$$, 53$�#i�H fJxK �,+*; Q3�LO $�%'��O&.-, !����	i�	�� �	��i����
�*9* �'�*�'-&*�3G&. 3 &'2 �'4�+��20 �*6' O 4i+-&��� ���:�&'0 M* +�$i ;i-&,&.
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�

T
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Vam cosJmxK T bm sinJmxKW � J��C K

�-�i6.�' $� 4���&'#i0 ,� 4���'6*0 53$�#i, fJxK %�+�O&.-, 6'>" 3 �'96,+i
&�F6'#i0 �'$'��O %�+�<� $�F6':"$*9* 4*>3�3 �*"5i#iO$&i� Q3�LO fag &� fbg %� %�+�$*G
�i6.�i-&G %$�<"$. 53$�#i�H� �*;3 %�+�<� 4���&'<$*9* 9��;*$i/$*9* �$�6i%3 ;*:"
F3&' -5*�;36.*��$� &��'; <'$*; ( ;"&*+*; $�/;"$>'2 ���+��&i� �4�*�-';3��&'
$� i$&"���6i J�� T K &�'9*$*;"&�'<$'; F�9�&*<6"$*;M 19* 4*�,+�3 53$�#iG y R fJxK0
+6, ,�*�H �i+*;i N �H�H %$�<"$. yn R fJxnK 4�' xn R nT�N Jn R �� �� �� � � � � N � �K�

��'9*$*;"&�'<$'/ F�9�&*<6"$ +6, 53$�#i�H0 ,�� �'%$�<"$� $� i$&"���6i J�� T K0
;�O �'96,+
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�

� � � x � T� J��C@K
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 J��C@K �*"5i#iO$&' aj &� bj Jj R �� �� � � � � NK �'%$�<�G&.-, $�-&34$';'
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�
N

N��X
k��
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	��
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�
N

N��X
k��
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	��
N
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� J��C�K

+" � � n � N���
��9�&*<6"$ J��C@K 4�' N 
 �M +�O $�/���M" $�F6':"$$, +* 53$�#i�H fJxK %9i+$*

;"&*+3 $�/;"$>'2 ���+��&i�� I$>';' -6*��;'0 �*"5i#iO$&' fag &� fbg ;i$i;i%3G&.
-3;3 ���+��&i� �i+2'6"$.
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*4'- *&�';�$'; "�-4"�';"$&�6.$'; +�$';� ��,;" 9��5i<$" %*F��:"$$, +�$'2 $"
+�O �i+4*�i+i $� %�4'&�$$, 4�* &"0 ,�'/ �$�6i&'<$'/ �'96,+ ;�O ";4i�'<$� 53$�#i,0
&*F&* F3+" �*$� -&"4"$"�*G0 6*9��'5;i<$*G i &�+�

Z�M* �i+-3&$i �4�i*�$i �i+*;*-&i0 &* % 3-iO�H ;$*:'$' ;*:6'�'2 53$�#i/
y R fJxU a� bK *F;":3G&.-, $�-&34$';' (

�K 6i$i/$� 53$�#i, y R ax T bU
�K 4*��%$'�*�� 53$�#i, y R abxU
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CK +�*F*�*1��#i*$�6.$� 53$�#i, �'+3 y R ��JaT bxKU
DK 6*9��'5;i<$� 53$�#i, y R aT b lnJxKU
 K -&"4"$"�� 53$�#i, y R axbU
@K 9i4"�F*6i<$� 53$�#i, y R a T b�xU
�K +�*F*�*1��#i*$�6.$� 53$�#i, �'+3 y R x�Jax T bK�

�6, �'F*�3 $�/���M*9* �'+3 +�*4���;"&�'<$*�H �$�6i&'<$*�H %�6":$*-&i y R
fJxU a� bK0 ,�� �i+4*�i+�O %F3+*��$*;3 9��5i�30 �'�*$�O;* $�-&34$i 4�*;i:$i +i�H�

�� %�+�$*;3 4�*;i:�3 $"%�6":$*�H %;i$$*�H x �'F"�";* &*<�'0 ,�i +*-&�&$.*
$�+i/$i &�0 $�-�i6.�' ;*:6'�*0 �i++�6"$i *+$� �i+ *+$*�H� �*%$�<';* �H2 <"�"% x� &�
xN �

��6i *F<'-6';* -"�"+$O ��'5;"&'<$" x	
��0 -"�"+$O 9"*;"&�'<$" x
��� &�
-"�"+$O 9��;*$i/$" x
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��� R
x� T xN

�
U x
��� R

p
x� xN U x
	
� R

� x� xN
x� T xN

� J��C!K

8� *F<'-6"$';' %$�<"$$,;' $"%�6":$*�H %;i$$*�H x %$�/+";* % 4*F3+*��$*9* 9��5i��
�i+4*�i+$" %$�<"$$, %�6":$*�H %;i$$*�H y

x	
��� � y��U x
��� � y��U x
	
� � y�� J��D�K

+6, 4*�' M" $"�i+*;*�H %�6":$*-&i y R fJxU a� bK�
��6i �'�*$3G&. +*4*;i:$i *F<'-6"$$, +6, %�6":$*�H %;i$$*�H�
�F<'-6GG&. (

-"�"+$O ��'5;"&'<$" 9��$'<$'2 %$�<"$.

y	
��� R
y� T yN

�
U J��D�� aK

-"�"+$O 9"*;"&�'<$" 9��$'<$'2 %$�<"$.

y
��� R
p
y� yN U J��D�� bK

-"�"+$O 9��;*$i/$" 9��$'<$'2 %$�<"$.

y
	
� R
� y� yN
y� T yN

� J��D�� cK
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� &� y�� % *F<'-6"$';'

%$�<"$$,;' y	
���0 y
��� &� y
	
��
��6i -�6�+�G&. $�Fi� �i+;i$$'2 *%$�� J4*2'F*�K ;i: �*%��23$�*�';' %$�<"$1

$,;' J��D�K &� &�F6'<$';' %$�<"$$,;' J��D�K +6, %�6":$*�H %;i$$*�H

�� R jy�� � y	
���jU �� R jy�� � y
���jU �� R jy�� � y
	
�jU
�� R jy�� � y	
���jU �� R jy�� � y
���jU �� R jy�� � y	
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�� R jy�� � y
	
�j�
J��D�K

i %$�2*+,&. % #'2 4*2'F*� ;i$i;�6.$3

�min � minf��� ��� ��� ��� ��� ��� ��g� J��DCK
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�;4i�'<$'/ ��'&"�i/ �'F*�3 &'43 $�F6':"$*�H +�*4���;"&�'<$*�H %�6":$*-&i
9�3$&3O&.-, $� 4*�i�$,$$i *F<'-6"$'2 4*2'F*� J��D�K &� ;i$i;�6.$*�H % $'2 �min�

��' #.*;3 ;*:6'�i $�-&34$i -i; ���i�$&i� 4�'/$,&&, �i>"$. 4�* �'+ ";4i�'<$*�H
53$�#i�H (

�K �min R �� � *F'��O&.-, $�F6':"$$, y R aT bxU J��DD� aK

�K �min R �� � *F'��O&.-, $�F6':"$$, y R abxU J��DD� bK

CK �min R �� � *F'��O&.-, $�F6':"$$, y R ��JaxT bKU J��DD� cK

DK �min R �� � *F'��O&.-, $�F6':"$$, y R a lnJxK T bU J��DD� dK

 K �min R �� � *F'��O&.-, $�F6':"$$, y R axbU J��DD� eK

@K �min R �� � *F'��O&.-, $�F6':"$$, y R aT b�xU J��DD� fK

�K �min R �� � *F'��O&.-, $�F6':"$$, y R x�Jax T bK� J��DD� gK

Z�M* �'F��$� %�6":$i-&. �',�'&.-, $"6i$i/$*G0 &* 4�' *4��#G��$$i "�-4"�'1
;"$&�6.$'2 +�$'2 �'�*�'-&*�3G&. 4"�"&�*�"$$, �**�+'$�&�
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���� ��> 7 I�����i��
� ����� +��-�$����� ���� !����i�� f;x</ j��;x<j � �9 �i�����.

� � ��;x< � �9 ��������. �� � ��;x< � �

��!� $���� i��	��i� 4
���� ����i����
" ����
����5

�';�9�O&.-, �'%$�<'&' �*�i$. %�+�$*9* �i�$,$$, fJxK R �0 M* ;i-&'&.-, $�
�i+�i%�3 Va� bW�

8�;i$';* �i�$,$$, fJxK R � �i�$*%$�<$'; /*;3 �i�$,$$,;

x R gJxK� J����K

�i+4*�i+$� i&"��#i/$� 5*�;36� ;�O �'96,+

xn�� R g JxnK � J���CK

I&"��#i/$'/ 4�*#"- F3+" %Fi9�&'-,0 ,�M* �'�*$�$i $�-&34$i 3;*�' (
�K 53$�#i, gJxK ;�O %$�<"$$, 6'>" $� i$&"���6i Va� bWU
�K � 3-i2 &*<��2 i$&"���63 Va� bW 53$�#i, gJxK %�+*�*6.$,O $"�i�$*-&i

jg�JxKj � r � �� J���DK

&*F&* �H�H ;*+36. -&�*9* ;"$>'/ %� *+'$'#G�
�i�$,$$, fJxK R � +* �'96,+3 x R gJxK ;*:$� %�"-&' �i%$';' >6,2�;'0 4�*&"

+6, ;"&*+3 i&"��#i�H -6i+ *F��&' &��" �i�$,$$, x R gJxK0 +6, ,�*9* �'�*$3G&.-,
$��"+"$i 3;*�'� �'; ;"$>" jg�JxKj0 &'; ���M" %Fi9�O&.-, i&"��#i/$'/ 4�*#"-�

��* 4"�"&�*�"$$, J����K 9*�*�,&.0 M* 53$�#i, gJxK O �
���$$ �� ��
��
����
% �6�-&'�i-&G J���DK�

�*2'F�� ;"&*+3
jz � xnj � Jb� aKrn�J�� rK� J��� K

C!
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���� ��? 7 D����i�� f�;x< : x� �� f�;x< : exp;x<

��� !"#
�*%96,$";* %�+�<3 <'-"6.$*9* %$�2*+:"$$, $� i$&"���6i V��� �W +i/-$'2 $36i�

53$�#i�H
fJxK R x� � expJxK�

8� �69*�'&; %$�2*+:"$$, $36, *F"�";* ;"&*+ i&"��#i/�
� 4*+iF$'2 %�+�<�2 ��:6'�* �i%3�6.$* �'�<'&' *F6�-&i ;*:6'�'2 $36i� x�� 8

�'-� �� ;*:$� F�<'&'0 M* $� ���%�$*;3 i$&"���6i O � $36i� �I2 *F6�-&i 6*��6i%�#i�H (
4"�>'/ $36. ��� � � x

���
� � ���  U +�39'/ $36. �� � � x

���
� � ��  �

�6, 4*>3�3 4"�>*9* �*�"$, x���� %�;i$';* �i�$,$$, fJxK R � �i+4*�i+$* % J���CK
&��'; �"�3�"$&$'; -4i��i+$*>"$$,;

xn�� R � expJxn�DK� x� R ���

&3& 4*-&��6"$* %$�� �A�0 *-�i6.�' x � �� �6, 53$�#i�H g�JxK R � expJx�DK $�
i$&"���6i V��� �U ���  W �'�*$3O&.-, 3;*�� jg��JxKj � �� �i-6, �� i&"��#i/ *&�';�O;*
x
���
� R ��� E�   C�

�6, 4*>3�3 +�39*9* �*�"$, x
���
� �'�*�'-&�O;* -4i��i+$*>"$$,

xn�� R expJxn�DK� x� R ��

�6, 53$�#i�H g�JxK R expJx�DK $� i$&"���6i V�� �U ��  W &��*: �'�*$3O&.-, 3;*��
jg��JxKj � �� �i-6, �� i&"��#i/ *&�';�O;* x���� R �� D�!@���

��#� *	
'��� 1��"������� �,�i� ���i�i����� 	i������

�*%96,$";* 4�'�6�+ 4*>3�3 +i/-$'2 $36i� 53$�#i�H J�'-� ��@K

fJxK R x sinx�  cos x�

4�' #.*;3 *F;":3O;*-, %$�2*+:"$$,; %$�<"$. 4"�>'2 @ $36i� % �F-*6G&$*G
&*<$i-&G � R �����

D�
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���� ��B 7 C

���
i��� !����i� f;x< : x sinx� ? cos x

�*�*&,9*; 4*>3�3 $36i� +*-'&. ��:6'�* *F��&' �����
� �����i���i��0 M*
�i+$*-'&.-, +* �*:$*9* % $36i�� 
, %�+�<�0 +*-&�&$.* 4�*-&� � -��6,�$*;3 �'4�+�30
>�'+�* 3-�6�+$GO&.-, %i %Fi6.>"$$,; �i6.�*-&i %;i$$'2�

8 �'-� ��@ ;*:$� F�<'&'0 M* %� ;":i x�k�min0 x
�k�
max *F6�-&"/ 6*��6i%�#i�H kA9* �*�"$,

Jk R �� � � � � @K +*-&�&$.* *F��&' (

k R � x
�k�
min R ��  U x�k�max R ��  U

k R � x
�k�
min R C�  U x�k�max R D�  U

k R C x
�k�
min R @� �U x�k�max R �� �U

k R D x
�k�
min R !� �U x�k�max R ��� �U

k R  x
�k�
min R ��� �U x�k�max R �C� �U

k R @ x
�k�
min R � �  U x�k�max R �@�  �

�*F3+*�� �69*�'&;i� +'2*&*;i�H0 2*�+ &� +*&'<$'2 F"%4*-"�"+$.* �'46'��O %
�'96,+3 53$�#i�H fJxK0 � &��*: �H�H 4"�>*�H &� +�39*�H 4*2i+$'2 $� i$&"���6i� 
 -�*G
<"�930 4�' 4*F3+*�i �69*�'&;3 ;"&*+3 i&"��#i/0 $"*F2i+$* ���2*�3��&' 4"�i*+'<$i
�6�-&'�*-&i 5i93�3G<'2 3 fJxK 53$�#i/� 
" +�O % J���CK

x�k�n�� R arctg
	�
 
x�k�n



T Jk � �K��

�"%36.&�&' %$�2*+:"$$, ���%�$';' ;"&*+�;' @ �*�"$i� 4*+�$* � &�F6� ���0 +"
$��"+"$i &��i %$�<"$$, (

Iiter A �i6.�i-&. i&"��#i/ +6, *&�';�$$, %�+�$*�H �F-*6G&$*�H &*<$*-&i � R ����U
x� A %$�/+"$i %$�<"$$, @ �*�"$i� 53$�#i�HU
f� A %$�<"$$, 53$�#i�H � %$�/+"$'2 �*�"$,2�

8 *&�';�$'2 +�$'2 �'46'��O0 M* �-i <*&'�' %�-&*-*��$i ;"&*+' +�G&. +*-&�&$i
�"%36.&�&'� ��' #.*;30 2*<� ;"&*+*; +'2*&*;i�H �*�"$i %$�2*+,&.-, 4*�i6.$i>"0 $i:
i$>';' ;"&*+�;'0 *+$�� �i$ $" �';�9�O +*+�&�*�*9* +*-6i+:"$$, 4*�"+i$�' 4*2i+$'2
53$�#i/ &� ���&�� �'%$�<�O 4*&�iF$'/ �*�i$.� �"&*+*; �.G&*$� *&�';3G&.-,
�*%�L,%�'0 � ,�'2 f� R fJx�K R �� �������

D�



(���
�� ��� 7 ��+������
 ��5��� ���i� �

���
i����� !����i��

�*;"� 8$�<"$$, �"&*+ �"&*+ �"&*+ �"&*+
$36, �"%36.&�&i� +'2*&*;i�H 2*�+ �.G&*$� i&"��#i/

Iiter �E E D E
� x� �0C�CEC! �0C�CECE �0C�CECE �0C�CEC@

f� A�0������ �0�����C �0������ A�0�����E
Iiter �! @ C �

� x� D0�CC @� D0�CC @E D0�CC @E D0�CC @E
f� �0�����C A�0�����C A�0������ A�0������
Iiter �E ! D @

C x� @0!�! ! @0!�! ! @0!�! !@ @0!�! !@
f� A�0�����C A�0�����E �0������ A�0������
Iiter �� ! D  

D x� !0E!�� D !0E!�� � !0E!�� C !0E!�� C
f� A�0������ �0����� A�0������ A�0������
Iiter �! ! D D

 x� ��0!C �� ��0!C �� ��0!C ��� ��0!C ���
f� A�0�����E A�0�����C �0������ A�0�����@
Iiter �� E C D

@ x� �@0���@ E �@0���@ E �@0���@ ! �@0���@ E
f� �0�����@ �0�����@ �0������ �0������

��%� 6�1�7�1,����� �
���
 ���i�i��
" 	i�����

�*%96,$";* -'-&";3 % M �i�$,$.�������
������

f� Jx�� x�� � � � � xMK R ��
f� Jx�� x�� � � � � xMK R ��
f� Jx�� x�� � � � � xMK R ��
� � � � � � � � � � � � � � � � � �
fMJx�� x�� � � � � xM K R �

J���@K

�i+$*-$* $�F*�3 M %;i$$'2 X R Jx�� x�� � � � � xMK +6, $�F*�3 %�+�$'2 53$�#i/
F R Jf�JXK� f�JXK� � � � � fMJXKK�

��6i *4'>";* +�� �*%4*�-G+:"$i ;"&*+'0 ,�i �'�*�'-&*�3G&.-, +6, %$�2*+:"$1
$, �*%�L,%�i� -'-&";' J���@K�

/-*$# 0�$1*�2 i*-�"3i4

"/ ;"&*+ 4*6,9�O � �"�6i%�#i�H i&"��#i/$*9* 4�*#"-3 %� 5*�;36*G

X�n��� R G
�
X�n�

�
U J����K

4�' #.*;3 X��� A 4*<�&�*�'/ $�Fi� %;i$$'20 M* �'%$�<�O&.-, $� �2i+$*;3 "&�4i
�*F*&' 9��5i<$'; <' F3+.1,�'; i$>'; -4*-*F*;� �"�&*�$*1�'%$�<"$3 53$�#iG
GJXK R Jg�JXK� g�JXK� � � � � gMJXKK *F'��G&. �$�6*9i<$* -��6,�$*;3 �'4�+�3�

�*$� 4*�'$$� %�+*�*6.$,&' $�-&34$'; 3;*��; (

D�



�K %$�<"$$, �"�&*�� X��� i �-i $�-&34$i $�F6':"$$, X�n� 4*�'$$i $�6":�&'
*F6�-&i0 � ,�i/ %$�2*+'&.-, O+'$'/ �*%�L,%*� 4*<�&�*�*�H -'-&";' $"6i$i/$'2 �i�$,$.U

FK � 3-i2 &*<��2 *%$�<"$*�H *F6�-&i 4*�'$$i �'�*$3��&'-, $"�i�$*-&i

MX
k��

j�Gm � �xkj � �� m R �� �� � � � �M J���E� aK

�F* $"�i�$*-&i
MX
m��

j�Gm � �xkj � �� k R �� �� � � � �M� J���E� bK

8 �'�*$�$$,; #'2 3;*� i&"��#i/$'/ 4�*#"- 4*-6i+*�$'2 $�F6':"$. %Fi9�O&.-,
+* �*%�L,%�3�

/-*$# �56*$)"

"/ <'-"6.$'/ ;"&*+ O $�/Fi6.> �*%4*�-G+:"$'/ 4�' �*%�L,%3��$$i -'-&";

$"6i$i/$'2 �i�$,$.�
�i$ �"�6i%3O&.-, $�-&34$'; �69*�'&;*;�

�� 8�+�O;* �F-*6G&$3 4*2'F�3 � &� �"�&*� 4*<�&�*�'2 $�F6':"$.

X��� R Jx���� � x
���
� � � � � � x

���
M K� J���!K

�� �'�*�'-&*�3G<' ,�$'/ �'96,+ 53$�#i/ f�JXK� f�JXK� � � � � fMJXK0 5*�;3O;*
��
���$ 8���i W % $�-&34$';' ;�&�'<$';' "6";"$&�;' (

Wkm R �fkJXK � �xm� k�m R �� �� � � � �M� J����K

C� 
 #'�6i %� $*;"�*; i&"��#i/ 4"�"�i�,O;*0 <' detJW K �R �0 4i-6, <*9* -�6�+�O;*
-'-&";3 6i$i/$'2 �i�$,$.

X�n���W �n� R X�n�W �n� � F
�
X�n�

�
� J����K

*F"�&�O;* ;�&�'#G Z�*Fi i *+"�:3O;* 5*�;363 +6, i&"��#i/$*9* 4�*#"-3

X�n��� R X�n� � F
�
X�n�

� �
W �n�

���
� J����K

�� �*:$*;3 ��*#i 4"�"�i�,O;* $�Fi� 3;*�

jx�n���
m � x�n�m j � �� m R �� �� � � � �M� J���CK

��' �H2 �'�*$�$$i i&"��#i/$'/ #'�6 4�'4'$,O;*�

8Fi:$i-&. ;"&*+3 4*-6i+*�$'2 $�F6':"$. i ;"&*+3 �.G&*$� %�6":'&. �i+ �'F*�3
4*<�&�*�*�H &*<�'�

��:6'�*G 4"�"��9*G #.*9* ;"&*+3 O �'-*�� >�'+�i-&. %Fi:$*-&i�
��"F� �i+;i&'&'0 M* #'; ;"&*+*; &��*: %�3<$* �*�'-&3��&'-, 4�' 4*>3�3

�*;46"�-$*�'%$�<"$'2 $36i� -'-&";' 53$�#i�H�

DC



��(� $���� ������� ��� �
���

 ���" 	i�����

�'-&";3 �i�$,$. J���@K ;*:$� �*%96,+�&' � 4�*-&*;30 �6" ��:6'�*;3 �'4�+�30
�*6' M R ��

�*%96,$";* -'-&";3 +�*2 �i�$,$.

�
fJx� yK R ��
gJx� yK R ��

J���DK

+" fJx� yK &� gJx� yK A $"4"�"��$i &� +'5"�"$#.*�$i 53$�#i�H�
�"2�/ �:" %$�/+"$* n1" $�F6':"$$, xn� yn $"�i+*;'2 x� y� �6, Fi6.> &*<$*9*

$�F6':"$$, xn��� yn�� ;*:$� *&�';�&'

xn�� R xn TYxn� yn�� R yn TYyn� J��� K

�*+i -'-&";3 J���DK ;*:$� %�4'-�&' 3 �'96,+i

�
fJxn TYxn� yn TYynK R ��
gJxn TYxn� yn TYynK R ��

J���@K

�*%�6�+";* 53$�#i�H fJx� yK &� gJx� yK 3 �,+ �"/6*�� � *�*6i &*<�' % �**�+'$�1
&�;' Jxn� ynK

fJxn TYxn� yn TYynK R

R fJxn� ynK T Yxnf
�
xJxn� ynK T Yynf

�
yJxn� ynK TOJYxn� YynKU

gJxn TYxn� yn TYynK R

R gJxn� ynK T Yxng�xJxn� ynK T Yyng�yJxn� ynK TOJYxn� YynK�

J����K

+" +*+�$�' OJYxn� YynK ;i-&,&. <6"$' Fi6.> �'-*�*9* 4*�,+�3 ;�6*-&i0 $i: Yxn &�
Yyn� �F;":";*-, � -'-&";i J���@K 6'>" 6i$i/$';' +*+�$��;' �i+$*-$* Yxn &� Yyn�
�*+i *&�';�O;*��������

�������

fJxn TYxn� yn TYynK R
R fJxn� ynK T Yxnf �xJxn� ynK T Yynf �yJxn� ynK R ��

gJxn TYxn� yn TYynK R
R gJxn� ynK T Yxng�xJxn� ynK T Yyng�yJxn� ynK R ��

J���EK

�'��% J���EK ;*:$� �*%96,+�&' ,� -'-&";3 �i�$,$. �i+$*-$* $"�i+*;'2 4�'�*-1
&i� Yxn &� Yyn� 8�4'>";* �H�H � -&�$+��&$*;3 �'96,+i���

��
f �xJxn� ynKYxn T f �yJxn� ynKYyn R �fJxn� ynK�

g�xJxn� ynKYxn T g�yJxn� ynKYyn R �gJxn� ynK�
J���!K

��"+";* 4*%$�<"$$, 53$�#i/ fJxn� ynK R fn0 gJxn� ynK R gn &� <�-&'$$'2
4*2i+$'2 3 &*<#i x R xn0 y R yn ( f �xn R �fJx� yK��x0 f �yn R �fJx� yK��y0

DD
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���� ��� 7 D����i�� x� F y� : > �� y : ;x� �<� � �

g�xn R �gJx� yK��x0 g�yn R �gJx� yK��y� �*+i �*%�L,%�$$, -'-&";' J���!K ;*:$�
%�4'-�&' � $�-&34$*;3 �'96,+i (

Yxn R
det

	�fn f �yn
�gn g�yn




det
	
f �xn f �yn
g�xn g�yn


 � Yyn R
det

	
f �xn �fn
g�xn �gn




det
	
f �xn f �yn
g�xn g�yn


 � J��C�K

�"4"� ;*:$� %�4'-�&'

xn�� R xn TYxn� yn�� R yn TYyn� J��C�K

Z� i � i$>'2 ;"&*+�20 4*<�&�*�i %$�<"$$, �**�+'$�& x� &� y� $"*F2i+$* %�+���&'0
-4'��G<'-. $� �4�i*�$i �i+*;*-&i0 $�4�'�6�+0 % 9��5i<$'2 %�6":$*-&"/�

��� !"#
�*%96,$";* -'-&";3 +�*2 �i�$,$. J�'-� ���K


x� T y� R D�
Jx� �K� R � T y�

�*�'-&3G<'-. ;"&*+*; �.G&*$�0 %$�/+";* �*%�L,%*��

�� ��"+";* +�i 53$�#i�H (

fJx� yK R x� T y� � DU

gJx� yK R Jx� �K� � y � ��

� &��*: �H2 4*2i+$i (
f �xJx� yK R �fJx� yK��x R �xU

f �yJx� yK R �fJx� yK��y R �yU

g�xJx� yK R �gJx� yK��x R �Jx� �KU

g�yJx� yK R �gJx� yK��y R ���

D 



�� �*F3+3O;* 9��5i�' +6, 53$�#i/ fJx� yK &� gJx� yK� 8 �'-� ��� �'46'��O0 M*
+i/-$'2 �*�"$i� +���

I$&"���6'0 � ,�'2 ;i-&,&.-, �*�"$i (
�*�i$. \ � ( ���  � x � ��  U ��  � y � ��  U
�*�i$. \ � ( �� � � x � �� �U ��� � � y � ��� ��

C� 8+i/-$GO;* 4*>3� 4"�>*9* �*�"$,�
C��� 8�+�O;* �"�&*� 4*<�&�*�'2 $�F6':"$. >3��$*9* �*�"$,

X��� R Jx�� y�K R J�� �� �� �K�

C��� �� *-$*�i �69*�'&;3 J���!KAJ��C�K %$�2*+';* 4"�>'/ �*%�L,%*� -'-&";'
�i�$,$. J+'�� &�F6� ���K�

(���
�� ��� 7 I�����i��� ����
�� ��5��� ���5�*� ����

�*;"� �"%36.&�&' *F<'-6"$.
i&"��#i�H n xn yn fJxn� ynK gJxn� ynK

� ��� �� ��� ��  ����� �� �@ @� �� �� @� 
� ��� �� !EE �� � �C�@ �� ����!@ �� ���EED
C ��� ����DD �� ������ �� ���!�� �� ����DE
D ��� ������ �� ������ �� ������ �� ������
 ��� ������ �� ������ �� ������ �� ������
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���� ��@ 7 Ci�
�i ���i ���i����/ n : = ;�i�����. �����i
�� ���� 7 =9 ��������. ��
�

���
�
� ;+���-�</ ��
� ���
�
� �� ��
� ����i����� ������
�i ;��
����
�i</ ��
 ���
�
-

���i ;+�
+�<<

�� #
��
�� :
���
�� �"2�/ �*:$'/ i% +*+�&$'2 +i/-$'2 �*�"$i� �i�$,$$,
PnJxK R � ��23O&.-, %� <'-6*; /*9* ���&$*-&i� �*+i �i6.�i-&. $36i� +*�i�$GO
�i6.�*-&i +i/-$'2 �*"5i#iO$&i� #.*9* �69"F���H<$*9* �i�$,$$, �F* +*�i�$GO �i6.�*-&i
%;i$ %$��i� 3 4*-6i+*�$*-&i �*"5i#iO$&i� fag0 �F* $� 4��$" <'-6* ;"$>" J�*"5i#iO$&'0
M* +*�i�$GG&. $36G0 $" ���2*�3G&.-,K�

C� #
��
�� (�!��	&�� 
 4*6i$*;� PnJxK �"�2$, ;":� +*+�&$'2 +i/-$'2 �*�"$i�
�'%$�<�O&.-, ,�

R R � T JB�a�K
��n � a� 
 �� J��DDK

+" a� A 4"�>'/ �i+LO;$'/ �*"5i#iO$&0 B A $�/Fi6.>� �F-*6G&$� �"6'<'$� �i+LO;$*9*
�*"5i#iO$&��

D� 2������ 3
��� �"2�/ 4*6i$*; PnJxK0 3 ,�*9* an R �0 ;�O $�Fi� $36i� z�0 z�0
� � � 0 zn��0 zn J% 3��23��$$,; ���&$*-&iK� �*+i 4*6i$*; PnJxK ;*:" F3&' %�4'-�$'/ 3
&��*;3 5��&*�'%�#i/$*;3 %*F��:"$$i (

PnJxK R xn T an��x
n�� T � � �T a�x T a� R

nY
j��

Jx� zjK� J��D K


" %*F��:"$$, ;*:$� �'�*�'-&*�3��&' +6, �*$&�*6G %$�/+"$'2 %$�<"$. $36i�
z�� z�� � � � � zn��� zn� ��4�'�6�+0

nX
j��

zj R �an���
nY
j��

zj R J��Kna�� J��D@K

+" an�� A �*"5i#iO$& 4�' xn��0 � a� A �i6.$'/ <6"$ 4*6i$*;��

 � #
��
�� �$�� Z�M* �i�$,$$, PnJxK R � ;�O +i/-$i �*�"$i &� +i/-$i
�*"5i#iO$&'0 &*

a�k 
 ak��ak��� J��D�K

D!



����� 8
������ 1��"������� �,�i� ���i��
i�

8�+�<� %$�2*+:"$$, $36i� 4*6i$*;i� O $"-&i/�*G %�+�<"G0 *-�i6.�' %$�<"$$,
$36i� O +*-'&. <3&6'�';' +* %;i$' �*"5i#iO$&i�� 
 #.*;3 6"9�* 4"�"�*$�&'-,0 ,�M*
�*%96,$3&'0 $�4�'�6�+0 4*6i$*;'

f�JzK R Jz � �K��� f�JzK R Jz � �K�� � ������ J��DEK

�*$' �i+�i%$,G&.-, &i6.�' �i6.$';' <6"$�;' $� �"6'<'$3 ������ �i: &';0 3 4"�>*9*
F�9�&*<6"$� O+'$'/ +i/-$'/ �*�i$. z R � ���&$*-&i ��0 � 3 +�39*9* F�9�&*<6"$� ��
*+$*���&$'2 �*�"$i�

zk R � T �� �

�
cos

�
k�

 

�
T i sin

�
k�

 

��
� k R �� �� � � � � ��� J��D!K


 %�9�6.$*;3 �'4�+�3 $"*F2i+$* �'2*+'&' % 4�'43M"$$,0 M* �*�"$i F�9�&*<6"$�
O �*;46"�-$*1�'%$�<"$';'� ��i; &*9*0 �*;46"�-$*1�'%$�<"$';' ;*:3&. F3&' i /*9*
�*"5i#iO$&'�

8�+�<3 %$�2*+:"$$, $36i�0 ,� 4���'6*0 �'�*$3G&. 3 &�' "&�4'�

%
�� �� �� #.*;3 "&�4i �*�"$i �����i��$
� .i���$$
�0�
8 #iOG ;"&*G �'%$�<�G&. ��&���	
	� �����
�0 &*F&* ��/*$ $� �*;46"�-$i/

46*M'$i0 � ,�*;3 �i�*9i+$* ;i-&,&.-, �-i $36i� � ;�:*��$&$i/ *F6�-&i 3&�*�GG&.
*F6�-&. 4"�"96,+3 ]� �*��6i%�#iG $36i� 4*6i$*;� N 19* -&"4"$G PNJzK � *F6�-&i
4"�"96,+3 %+i/-$GG&. %� +*4*;*9*G +i/-$*�H 53$�#i�H

MJzK R jPNJzKj� J�� �K

���'; <'$*;0 ;i$i;3;' 53$�#i�H MJzK0 M* +*�i�$GG&. $36G0 %Fi9�G&.-, %
�*�"$,;' 4*6i$*;� PNJzK� �6, 4*>3�3 ;i$i;3;i� %�+�$*�H 53$�#i�H +�*2 ��93;"$&i�
�*%�*F6"$* <';�6* �i%$*;�$i&$'2 <'-"6.$'2 ;"&*+i�� �i$i;3;' ;*:3&. ;i-&'&'-,
+*-&�&$.* F6'%.�*0 � ,�M* �*�"$i O ���&$';' A &* %Fi9�&'-,� � #.*;3 �'4�+�3
�i6.�i-&. ;i$i;3;i� F3+" ;"$>� %� -&"4i$. N 4*6i$*;�� Z�M* �i6.�i-&. $36i� $" $�+&*
�"6'��0 $36i ;*:$� 6*��6i%3��&' �i%3�6.$*� �"4"� % ;i-#"; 6*��6i%�#i�H �*$��"&$*9*
$36, �'+i6,G&. /*9* ;�:*��$&$3 *F6�-&.0 &*F&* ��/*$ $� �*;46"�-$i/ 46*M'$i0 M*
;i-&'&. &i6.�' *+'$ $36.�

%
�� �� � ;�:*��$&$i/ *F6�-&i0 M* �i+$*-'&.-,0 $�4�'�6�+0 +* �*$��"&$*9*
$36, z�0 �
� 	$$
� /*9* %$�<"$$,�

�3& �'�*�'-&*�3G&. &��i i&"��#i/$i ;"&*+'0 ,� ;"&*+ 2*�+ �F* ;"&*+ �.G&*$�0
M* 4�'43-��G&. %�-&*-3��$$, �*;46"�-$*1�'%$�<"$'2 %;i$$'2� �*<�&�*�" %$�<"$$,
4�' #.*;3 F"�";* � ;�:*��$&$i/ *F6�-&i ,�*;*9� F6'%.�'; +* 4�'43-��O;*�H &*<�'
�*�"$,� 8$�/+"$" %$�<"$$, �*�"$, z� �'+i6,G&.

PNJzK R Jz � z�KPN��JzK� J�� �K

� % $*�'; 4*6i$*;*; PN��JzK -&"4"$, $� *+'$'#G ;"$>" &� 4�*+*�:3G&. �*F*&3
%9i+$* % "&�4*; ��

 �



�

���� ���� 7 D��������
� ��
��� ��
��*������ ������*� ������ z� : �� ? ��*��������

P�;z< : ;z � �� ?<H;z F �� �<� F�� �>JH;z � �� �<� F�� �>J ;����
� �������� ����+��� ��������i

����
 fznmg/ + ��
- ��
 ��5��� ���� ��� +������
� ���i�� z� : �� ?9 �������
 ����+��i

�����
���
 �
-i��
- �����i� ��*��������<

%
�� C� �� #.*;3 "&�4i �-i %$�/+"$i $36i �
�
�i��$
� >6,2*; 4�,;*�H
4i+-&�$*��' 3 4*<�&�*�'/ 4*6i$*;� �"�"�i�,G&. &��*: i$���i�$&$i �6�-&'�*-&i
�*�"$i� F�9�&*<6"$� �i+4*�i+$* J��D@K�

��� !"#
�*%96,$";* F�9�&*<6"$  19* -&"4"$, �i+ �*;46"�-$*1�'%$�<"$*9* ��93;"$&3

z R x T iy
P�JzK R Jz � ��  K VJz T �� �K� T �� �DW VJz � �� �K� T �� �DW�

8� �69*�'&; %$�2*+:"$$, $36, *F"�";* ;"&*+ �.G&*$��
�*-&��';* %�+�<3 �'�<"$$, %Fi:$*-&i +* $36, z� R ��  %�6":$* �i+ *F��$*9*

4*<�&�*�*9* %$�<"$$, z��
8 #iOG ;"&*G $� �*;46"�-$i/ z146*M'$i Z *F"�";* 4�,;*�3&$3 *F6�-&.

�*%;i�*; J�C� � � x � C� �K0 J���  � y � ��  K0 ,�3 J+6, 4*F3+*�' �'-3$��K
�i�$*;i�$* %�4*�$';* &*<��;' % +�*�';i�$*9* ;�-'�� 4*<�&�*�'2 %$�<"$. fznm R
Jxn� ymK 
 Z�g0 n R �� �� � � � � N 0 m R �� �� � � � �M �

8�9�6.$� �i6.�i-&. JN T �K� JM T �K "6";"$&i� ;�-'�� Z� 4*�L,%�$� % �';*9*G
+* ,�*-&i �'-3$�� &� ;*:" F3&' *F��$�0 $�4�'�6�+0 N R C�� &� M R � ��

�*F3+3O;* &"4"� �'-3$*�0 ,�'/ $�%'��G&. ���
�	�� ���
�!���		� ���
	�� ��'
4*F3+*�i &��*9* �*+� �'-3$�� 4�'/;";* 4���'6* %�5��F3��$$, (

A ,�M* 4�' -&��&i % F3+.1,�*�H <"�9*�*�H &*<�' znm � �"%36.&�&i %�-&*-3��$$,
�69*�'&;3 4*>3�3 $36, F3� %$�/+"$'/ �*�i$. z� R �0 0 &* &��i -&��&*�i &*<�'
+*;*�';*-. 5��F3��&'0 $�4�'�6�+0 3 <*�$'/ �*6i�U

A ,�M* : 4�' -&��&i % F3+.1,�*�H <"�9*�*�H &*<�' znm +i, �69*�'&;3 4�'�"6� +*
F3+.1,�*9* % <*&'�.*2 i$>'2 $36i� Jz�0 z�0 z�0 z�K0 &* &��i -&��&*�i &*<�' +*;*�';*-.
5��F3��&'0 $�4�'�6�+0 3 Fi6'/ �*6i��

 �
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���� ���� 7 D��������
� ��
��� ��
��*������ ������*� ������ z� : �/? ��*��������

P�;z< : ;z � �� ?< H;z � �� �<� F �� �>J� ;����
� �������� ����+��� ��������i ����
 fznmg/

+ ��
- ��
 ��5��� ���� ��� +������
� ���i�� z� : �/?9 �������
 ����+��i �����
���


�
-i��
- �����i� ��*��������<

�'-3$�' &��*9* �'96,+3 %�3<$* *&�';3��&' %� +*4*;*9*G -3<�-$'2 ;�&";�1
&'<$'2 4��"&i�0 $�4�'�6�+0 Maple �F* Mathematica�

��9�$i%3O;* &"4"� 4*+�i/$'/ #'�6 4* %;i$$'2 x &� y0 4* %��"�>"$$i ,�*9*
%�4*�$';* +�*�';i�$'/ ;�-'� 4*<�&�*�'2 %$�<"$. fznm 
 Z�g�

�� �'-� ���� $��"+"$* F�-"/$ 4�'&,93��$$, �*�"$, z� R �0 F�9�&*<6"$�

P�JzK R Jz � ��  K VJz T �� �K� T �� �DW VJz � �� �K� T �� �DW�

&*<�' ,�*9* ���%�$i <*�$'; �*6.*�*;� �*<�'0 M* 4*5��F*��$i Fi6'; �*6.*�*;0
$�6":�&. +* F�-"/$� 4�'&,93��$$, i$>'2 <*&'�.*2 �*�"$i�0 %$�<"$$, ,�'2 &��i (
z��� R �� �� i�� �U z��� R ��� �� i�� ��

�*:$� 4*F�<'&' +*-'&. -�6�+$3 ;":3 F�-"/$� 4�'&,93��$$, J;*:6'�*-&i
+�3�3 $" +*%�*6,G&. 4*��%�&' �-i 4L,&. F�-"/$i� 4�'&,93��$$,K�

�� �'-� ���� 4*��%�$'/ &*/ :" F�-"/$ 4�'&,93��$$, �*�"$, z� R ��  F�9�&*<6"$�

P�JzK R Jz � ��  K VJz � �� �K� T �� �DW��

4�' <*;3 %$�<"$$, i$>'2 �*�"$i� 3 ,�*9* $�-&34$i ( z��� R �� ��i�� �U z��� R �� ��i�� ��
���'; <'$*;0 3 #.*9* F�9�&*<6"$� O +�i 4��' ���&$'2 $36i��
�*:$� 4*F�<'&'0 M* �i+$*-$* $"�"6'�� %;i$� %$�<"$$, �F* -&�3�&3�' �*�"$i�

�'%$�<�6.$* �46'��O $� �'96,+ F�-"/$3� ��* �'-3$�' &��*9* &'43 ��:3&.0 M* �*$'
;�G&. ����
���	i ����
����
i�

 �



����� 2������� �� ����	���	�, 	����,

��F*��&*�$� �*F*&� �*%��2*��$� $� �i-i; 9*+'$ i ;i-&'&. <*&'�' %��+�$$,�

� " & # " ) ) ( �

��4'>i&. 4�*9��;3 %$�2*+:"$$, $36, %�+�$*�H 53$�#i�H� ��*9��;� 4*�'$$�
;i-&'&' <*&'�' �69*�'&;'0 M* 9�3$&3G&.-, $� ;"&*+i 4*6*�'$$*9* +i6"$$,0 ;"&*+i
2*�+0 ;"&*+i �.G&*$� i �*;Fi$*��$*;3 ;"&*+i 2*�+ i +*&'<$'2�

�2i+$i +�$i +6, 4�*9��;' (
Va� bW A i$&"���6 i%*6,#i�H �*�"$,U
fJxK A 53$�#i,0 $36. ,�*�H �i+>3�3O&.-,�
�"%36.&�& �*F*&' 4�*9��;' A ;�-'�0 M* ;i-&'&. &�F6'#G 4*-6i+*�$'2 $�F6'1

:"$. $36, 53$�#i�H i %$�<"$. -�;*�H 53$�#i�H�

�"�i")*�

�K a R �0 �U b R C0�DU fJxK R x� �  sinJxKU
FK a R �0��U b R ����U fJxK R expJxK� ��xU
�K a R �0 �U b R �0��U fJxK R sinJxK� x T ��� U
9K a R �0@�U b R �0��U fJxK R expJxK� x� ��� U
+K a R A��E�U b R �0E�U fJxK R x� � x T tgJxKU
"K a R �0�U0 b R �0 �U fJxK R Jx� ��� K�U
:K a R �0��U b R �0 �U fJxK R Jx� ��� K��

� " & # " ) ) ( �

��4'>i&. 4�*9��;3 <'-"6.$*9* %$�2*+:"$$, �*�"$, �i�$,$$,� �'�*�'-&�/&"
;"&*+ 4*-6i+*�$'2 $�F6':"$.�

�2i+$i +�$i +6, 4�*9��;' (
Va� bW A i$&"���6 i%*6,#i�H �*�"$,U
fJxK A 53$�#i, 3 �i�$,$$i fJxK R �0 �*�i$. ,�*9* �i+>3�3O&.-,�

�"%36.&�& �*F*&' 4�*9��;' A ;�-'�0 M* ;i-&'&. &�F6'#G 4*-6i+*�$'2 $�F6'1
:"$. �*�"$, �i�$,$$, i %$�<"$. -�;*�H 53$�#i�H�

�"�i")*�

�K a R �0EU b R �0�U �� � sinJxK T x� � � R �U

FK a R ���U b R �0DU x� �� � lnJxK� �� � R �U

�K a R �0�U b R �0�U �� �x� � x lnJxK R �U

9K a R �0�U b R �0 U x T lgJxK� ��  R �U

+K a R �0DU b R �0 U sinJxK� �xT ��  R ��

� " & # " ) ) ( �

��4'>i&. 4�*9��;3 <'-"6.$*9* �*%�L,%3��$$, -'-&";' $"6i$i/$'2 �i�$,$.�
�'�*�'-&�/&" ;"&*+ 4*-6i+*�$'2 $�F6':"$. i ;"&*+ �.G&*$��

�2i+$i +�$i +6, 4�*9��;' (

 C



M A �i6.�i-&. %;i$$'2U
X� A �"�&*� 4*<�&�*�*9* $�F6':"$$, �*%�L,%�3U
F JXK R � A $�Fi� �i�$,$.0 �*%�L,%�$$, ,�'2 �i+>3�3O&.-,�

�"%36.&�& �*F*&' 4�*9��;' A ;�-'�0 M* ;i-&'&. &�F6'#G 4*-6i+*�$'2 %$�<"$.
�"�&*�� �*%�L,%�30 � &��*: �"%36.&�& 4i+-&�$*��' �*%�L,%�3 3 �*:$" % �i�$,$. %�+�$*�H
-'-&";'�

�"�i")*�

�K M R �( X� R J��  U ��  K0

�
x� T y� � @x T C R �0
x� � y� � @y T � R �U

FK M R �( X� R J��  U �� �K0

�
x� y � @ lnJxK� � R �0
x� Cy � @ lnJyK� � R �U
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���� B�� 7 C� ��+�0�+���� ������� R����� �
!�����i�����*� �i������ y� : cos;x< +

���������& �����& y;x�< : �/�/ � � x � �� �� �i+��& �i���i
�& ����i� N ;������ ��
��

8 ����i�
��
� ��+�0�+�� y;x< : sin;x<9 a 8 N : ��/ b 8 N : ��/ c 8 N : ?�<

�*�&*�GG<' #"/ 4�*#"-0 *&�';�O;* &�F6'#G %$�<"$. fyg �*%�L,%�i� �2i+$*9*
+'5"�"$#i�6.$*9* �i�$,$$, $� -i&#i Va� bW�

�*2'F�� R ;"&*+3 -�6�+�O OJh�K�
�"&*+ �/6"�� O ��	�
� ������
�"%��:�G<' $� &"0 M* #"/ ;"&*+ O 4*�i�$,$* 9�3F';0 /*9* 4���&'<$" %�-&*-31

��$$, +*-&�&$.* �*%4*�-G+:"$"0 F* 4*&�iF$3O ;�6* �"-3�-i�� �*9*0 %*��";�0 >'�*�*
%�-&*-*�3G&. 4�' 4*F3+*�i �69*�'&;i� %$�2*+:"$$, �*%�L,%�i� +'5"�"$#i�6.$'2 �i�1
$,$. 3 <�-&'$$'2 4*2i+$'2�

��� !"#
�*%96,$";* +'5"�"$#i�6.$" �i�$,$$,

y� R cosJxK� yJx�K R �� �

$� i$&"���6i � � x � ���
�*&�iF$* %$�/&' <'-"6.$'/ �*%�L,%*� #.*9* �i�$,$$, % �'�*�'-&�$$,; *4'-�$*1

9* ;"&*+3 �/6"�� &� +*-6i+'&' %�6":$i-&. �i+ �i6.�*-&i ��*�i� i$&"9�3��$$, N �

�$%&'(%"))(
	$�6i&'<$'/ �*%�L,%*� #.*9* �i�$,$$, 6"9�* *&�';�&' ( #" 53$�#i, yJxK R

sinJxK�
8 ;"&*G 4*�i�$,$$, �*F*&' *F"�";* $� i$&"���6i �*%�L,%�$$, �i+$*-$* $"�"6'�3

�i6.�i-&. �3%6i� &� �i+4*�i+$'/ ��*� i$&"9�3��$$, h R ���N ( aK N R ��0 h R �0�U
bK N R ��0 h R �0 U cK N R  �0 h R �0��

�� �'-� @�� $��"+"$i 9��5i<$i %�6":$*-&i �$�6i&'<$*9* �*%�L,%�3 yJxK &� &�.*2
<'-"6.$'2� 8 �'-� @�� ;*:$� F�<'&'0 M* %i %�*-&�$$,; �i6.�*-&i ��*�i� N J�i+4*�i+$*
%i %;"$>"$$,; �"6'<'$' ��*�3 hK ,�i-&. �*%�L,%�3 4*6i4>3O&.-,� �6, Fi6.>*�H
�i6.�*-&i �3%6i� N %�6":$*-&i $� �'-� @�� $" $��*+,&.-,0 *-�i6.�' �*$' %6'��G&.-,
% 9��5i�*; �$�6i&'<$*9* �*%�L,%�3 yJxK R sinJxK�
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���� ��� 7 C� +����i ��i��
 ��0G�� �
�i���� ;��
�* �
�i��
 N : =��<

&*F&* 4*���M�$$, &*<$*-&i *#i$*�� �'+$* &��*:0 M* $�Fi� &*<*� +*F�" *9'$�O&.-,
J;�:*�3O&.-,K %�"�23 4�,;*G�

��*�$�6i%3O;* <'-"6.$i �"%36.&�&'0 %+*F3&i $� 4i+-&��i �'-� ��E� �-�i6.�'
�i+$*-$� 4*2'F��

�V JNK R
jVN � uVidealj

Videal
J��@�K

%�6":'&. �i+ *F-,93 �'Fi��' N ,�

�V JNK � constp
N

� J��@EK

&* J�'�*�'-&*�3G<' +"-,&�*�'/ 6*9��'5;K

lg �V JNK � lg const� �
�
lgN� J��@!K

8 #.*9* �'46'��O0 M* &�$9"$- �3&� $�2'63 ;�:*�3G<*�H %�6":$*-&i �JNK �
4*+�i/$i/ 6*9��'5;i<$i/ >��6i 4*�'$"$ +*�i�$G��&' ��

�
� �*F3+3O;* #G %�6":$i-&.

$� 4i+-&��i %+*F3&'2 +�$'2� �'F"�";* +�� 4"�'5"�i/$'2 %$�<"$$, N� R �� R � @ &�
N�� R ��� R �@��DD�

�6, $'2 �"6'<'$' �i+$*-$*�H 4*2'F�' +*�i�$GG&. lg �V JN�K R ��� �C� &�
lg �V JN��K R ��� D�D�

�6, &�$9"$-� �3&� $�2'63 tg� ;�:*�3G<*�H 4�,;*�H % "�-4"�';"$&�6.$'2 +�$'2
%+*F3+";*

tg� � lg �V JN�K� lg �V JN��K
Jlog�N� � log�N��K lg �

� ��� �C T �� D�D
JE� �EK �� C���

R ���  @C� J����K

� D



� C D  @ � E ! �� �� �� �C �D � �@ �� �E �! ��
�@
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log�N

lg �V JNK
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���� ��� 7 '��i� ��
���
��������
- ���
- � +����i ��i��
 ��0G�� �
�i����

�+"�:�$'/ �"%36.&�& &��*: +*F�" �i+4*�i+�O /*9* &"*�"&'<$*;3 4�*&*&'430 M*
+*�i�$GO ��

�
0 ,�M* 4�'/$,&' +* 3��9' $"�"6'�3 �"6'<'$3 �� R � @� 
"/ �"%36.&�&

*F9�3$&*�3O %�-&*-3��$$, �'�*�'-&*�3��$*�H ;"&*+'�' *F<'-6"$$, 4*&�iF$'2 *#i$*��

8�+�;*-, &"4"� 4�'43-&';*G �"6'<'$*G � 4*2'F�' �"%36.&�&3 i �'F"�";*0
$�4�'�6�+0 � R �����

8 �'-� ��E �'+$*0 M* �'�*$�$$, �';*9' �V JNK � � R ���� 9���$&3O&.-, +6,
*F-,93 �'Fi��' N 0 M* +*�i�$GO N�� R ��� R �C����� � �"%36.&�&i �*%��23$�i�
%+*F3+";* +6, �*%�'+3 4*&�iF$*�H *#i$�' *FLO;3 #'6i$+�� YJVN��

K R �� ��C �
���'; <'$*; %$�2*+';*0 M* 4*&�iF$� *#i$�� &��� (

uVN��
R C� �D �� �� ��C � J����K

4�' #.*;3 i+"�6.$" %$�<"$$, +*�i�$GO

Videal R �R�H R C� �D� !� J����K

�*�i�$,$$, *&�';�$'2 �"6'<'$ ���%3O $� +*-&�&$.* +*-,9$"$3 &*<$i-&.�
8+*F3&i %$�<"$$, $��"+"$* 3 &�F6� ����

�3& �i+%$�<';*0 M* �*%96,$3&� %�+�<� *#i$�' ;�O ;*+"6.$'/ 2����&"� i � $"�H
�i+*;" &*<$" %$�<"$$, Videal 4*&�iF$*9* *FLO;3 #'6i$+��� �-�i6.�' $� 4���&'#i &��"
&*<$" %$�<"$$,0 ,� 4���'6*0 O $"�i+*;';0 *F<'-6"$$, lg �V JNK �'�*$3G&.0 $�4�'�6�+0
>6,2*; 4*�i�$,$$, $�-&34$*�H *#i$�' uVN i% -"�"+$.*�'Fi��*�*G *#i$�*G J4�' +�$*;3
NK�

�"�"��9' %�-&*-3��$$, ;"&*+3 �*$&"1���6* 4�' <'-"6.$*;3 i$&"9�3��$$i (
�� �"&*+ �i6.$'/ �i+ F3+.1,�'2 4�'43M"$. M*+* �"936,�$*-&i J96�+�*-&iK

4i+i$&"9��6.$*�H 53$�#i�H �F* ;i�' �H�H -�6�+$*-&i�

�  



(���
�� ��� 7 ��+������
 ���

���� ��i��
 SV ��0G�� V �
�i����

�F-,9 �'Fi��' N �@ D�!@ �C���� ��DE �@
�#i$�� *FLO;� #'6i$+�� uVN �� @ �0�!� C0�CC C0�D @
�*<$'/ *FLO; #'6i$+�� Videal C0�D� ! C0�D� ! C0�D� ! C0�D� !
�*2'F�� YV JNK *#i$�' �0 E �0C �0�! �0��D�
�*9��'5; 4*2'F�' lg �V JNK A�0D � A�0D!E AC0 @! AC0��C

�� �"&*+ �*$-&�3�&'�$'/ +6, *F6�-&"/ i$&"9�3��$$, -�6�+$*�H �F* �'9�+6'�*�H
5*�;'0 � &*;3 <'-6i +6, *F6�-&"/0 ;":i ,�'2 %$�2*+,&.-, %� �'�*$�$$, +",�'2
%�+�$'2 3;*��

C� �"&*+ �*$-&�3�&'�$'/ 4�' %$�2*+:"$$i i$&"9��6i� +*�i6.$*�H ���&$*-&i0 �
&*;3 <'-6i i 4�' �"6'�*;3 <'-6i �';i�i��

�",�i $"+*6i�' ;"&*+3 (
�� �":i 4*;'6*� *F<'-6"$$, #'2 �"6'<'$ $" �'%$�<"$i +*-&";"$$*0 �*$'

;i-&,&. +",�3 �'4�+�*�i-&.�
�� �&�&'-&'<$� 4*2'F�� *+"�:3��$*�H *#i$�' -4�+�O 4*�*6i J% 4*�,+�*; -4�+�$$,

N����K0 � +6, �H�H %;"$>"$$, $"*F2i+$* -&�*�G��&' -4"#i�6.$i �69*�'&;'0 M* %�6":�&.
�i+ *-*F6'�*-&"/ %�+�<i�

C� 8 ;"&*G 4*6i4>"$$, "5"�&'�$*-&i ;"&*+3 $"*F2i+$* +6, �*:$*9* �*$��"&1
$*9* F�9�&*���&$*9* i$&"9��63 -4"#i�6.$* -&�*�G��&' ;�:*��$&3�

D� �"*F2i+$* �*�'-&3��&'-, +���<"; �'4�+�*�'2 <'-"60 4*-6i+*�$i-&. ,�'2 ;�O
+*-&�&$.* �"6'�'/ 4"�i*+ 4*�&*�"$$, i �i�$*;i�$* %�4*�$GO -&�$+��&$'/ i$&"���6�

�"&*+ �*$&"1���6* %�-&*-*�3O&.-, 4�' �*%�L,%�$$i +*-&�&$.* >'�*�*9* �6�-3
*F<'-6G��6.$'2 %�+�<� �"�"+ $'2 ;*:$�0 � +*4*�$"$$, +* �:" ���%�$'20 �i+%$�<'&' (

9"$"��#iG �'4�+�*�'2 4�*#"-i� &� 4*6i�U
%$�2*+:"$$, �*%�L,�i� +'5"�"$#i�6.$'2 �i�$,$.U
;*+"6G��$$, "�*6G#i�H -�6�+$'2 -'-&";0 +* ,�'2 O $"+*#i6.$'; %�-&*-3��$$,

�$�6i&'<$'2 ;"&*+i� &� F�9�&* i$�

#���� 2������� �� ����	���	�, 	����,

��F*��&*�$� �*F*&� �*%��2*��$� $� <*&'�' 9*+'$' i ;i-&'&. +�� %��+�$$,�

� " & # " ) ) ( �

��6�+i&. 4�*9��;3 9"$"�3��$$, $*�;�6.$* �*%4*+i6"$'2 �'4�+�*�'2 <'-"6 %�
+�*;� ;"&*+�;' (

%� ;"&*+*; 3-"�"+$"$$, J����KU
%� ;"&*+*; 53$�#i*$�6.$'2 4"�"&�*�"$. J���CK�

����;"&�'0 M* %�+�G&.-,0 O *F-,9 �'Fi��' N 0 -"�"+$O %$�<"$$, m i
-"�"+$.*���+��&'<$" �i+2'6"$$, ��

�*F3+3/&" 9i-&*9��;3 *&�';�$*�H �'Fi��'0 �'F���>' $�6":$'; <'$*; �� 4i+i$1
&"���6i� *F6�-&i 4"�"96,+3 %� ��93;"$&*;�

� @



�*�i�$,/&" -"�"+$i/ &"�;i$0 $"*F2i+$'/ +6, *&�';�$$, �'Fi��' 5i�-*��$*9*
*F-,93 N R ��� +�*;� �i%$*;�$i&$';' ;"&*+�;' J����K i J���CK�

�"�i")*�

�K N R ����U � R �0� U m R �0�U
FK N R ����U � R �0��U m R �0�U
�K N R ����U � R �0��U m R �0�U
9K N R ����U � R �0� U m R �0�U
+K N R ����U � R �0��U m R �0�U
"K N R ����U � R �0��U m R �0��

� " & # " ) ) ( �

��6�+i&. 4�*9��;3 *F<'-6"$$, 4"�$'2 i$&"9��6i� ;"&*+*; �*$&"A���6*� �*1
-6i+i&. &*<$i-&. *F<'-6"$$, i$&"9��6i� %�6":$* �i+ *F-,93 �'Fi��' K� �F;":&"-.
4�' #.*;3 %$�<"$$,;' N R � �0  ��0 ����0 ����0 D���0 E���0 �@���

�"�i")*�

�K a R �0�U b R �0�U fJxK R ��  xT x � lnJxKU
FK a R �0�U b R C0�U fJxK R lnJxT �K�xU
�K a R �0�U b R �0�U fJxK R �� @x� lnJxKU
9K a R �0 U b R �0 U fJxK R Jx� T �K sinJx� ��  KU
+K a R �0�U b R C0�U fJxK R x� cosJx�DKU
"K a R �0�U b R �0�U fJxK R CxT lnJxK�

� "%i& � #$ $+$�,!-))( �$.$*�

8�i& 4�* �'�*$�$3 �*F*&3 ;�O ;i-&'&' (
�K %;i-& %��+�$$,U
�K �'�*�'-&�$i 5*�;36'U
CK &"�-& 4�*9��;'U
DK 4�*&*�*6 �'�*$�$$, <'-"6.$'2 "�-4"�';"$&i� *F<'-6"$$, i$&"9��6i� %

�'�*�'-&�$$,; ;"&*+3 �*$&"1���6* %9i+$* % %��+�$$,;U
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� � ��  h��q� JE�CDK

,�� 4*�L,%3O <�-*�'/ &� 4�*-&*�*�'/ ��*�'�
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�69*�'&;3 F36' �'F��$i ��*�'( h R �� � 0 � R �� ����
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 4i�-;3%i � � t � tmax &� � � x � xmax %� +*4*;*9*G 4�*9��;' %$�/+i&.
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�x�

% 4*<�&�*�*G 3;*�*G T Jx� �K R VJx� aK� T a�W���

 4�*9��;i 4*�'$"$ F3&' �'�*�'-&�$'/ �69*�'&; JE�!K�
�2i+$i +�$i +* 4�*9��;' (
x�0 xmax A 6i�� &� 4���� ;":i 4�*-&*�*�*9* >��3U
t�0 tmax A 4*<�&�*�'/ &� �i$#"�'/ <�-*�i ;*;"$&'U
N A �i6.�i-&. 4�*-&*�*�'2 �3%6i�U
a0 q A 4���;"&�' %�+�<iU
uJx�� tK R �JtK &� uJxmax� tK R �JtK A ���/*�i 3;*�'�
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